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For Savage (1954) as for de Finetti (1974), the existence of subjective (per- 
sonal) probability is a consequence of the normative theory of preference. (De 
Finetti achieves the reduction of belief to desire with his generalized Dutch-Book 
argument for previsions.) Both Savage and de Finetti rebel against legislating 
countable additivity for subjective probability. 
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liberalism regarding the range of preferences and beliefs the theories are 
said to tolerate. Both Savage and de Finetti are explicit in their opposition 
to the stipulation of countable additivity for probability, and, of course, 
each insists that the constraints imposed on reasonable preference are weak, 
permitting all but self-defeating desires. It is our purpose in this paper to 
challenge these claims. We aim to show that the reduction of belief to 
preference cannot be carried off as Savage and de Finetti suggest without 
contracting the range of admissible states of preference and belief. In 
particular, we argue that the purported reduction fails unless 

(i) subjective probability is countably additive, or 
(ii) each agent is required to acknowledge the existence of 	a rich 

supply of consequences, i.e. prizes whose values are robust against 
the contingencies of nature. 

As we see in section 3, Savage recognized that consequences serve as 
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ditionally, we recommend Fishburn (1970, Ch. 14) and Fishburn (1981) 
for helpful discussions of Savage's theory. In any event, P1-P4 are stated 
in the proof of Lemma 1 tbelow,ta
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P3: Iff 
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The following lemma is stated without proof because it is so straight- 
forward. We then proceed to Savage's example. 

Lemma 2: P5 will be satisfied if W assigns different values to at 
least two different constant acts. Under the conditions of Lemma 1, 
P6 will be satisfied if for each act g, each consequence f,  and each 
E > 0 there exists a finite partition B , ,  . . . , B,, such that 

lw(gzB,) - W(fzBt)l < € 9  

for all i. 

Example 2.1: (Savage 1954) Let S be the set of positive integers 
and F the interval [0.0, 1.0). Let P be any finitely additive proba- 
bility on S which assigns probability 0 to each integer, assigns prob- 
ability to the even integers, and admits a (finite) partition of S 
into events of arbitrarily small probability. Any limit point (as n -t 
m) of the sequence of discrete uniform distributions over the first n 
integers wi125 0 0 10ls Tc 1.294 0 Td�(ndo )Tj�0.0123 Tc 2.70 0 Td�(fDeinie)Tj�ET�EMC �/P <</MCID 89>>BDC �BT�/T1_0 1 Tf�-0.02988Tc 10.125 0 0 10.25 83.740.3 33936 Tm�(-(f)Tj�0.0178 Tc 10161 0 Td�(pf) -=
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It is easy to see that W satisfies the conditions of Lemmas 1 and 2. 
I ff  is a gamble, a(f) = 0,  hence W(f) is a utility. To see that P7 
is violated, let g(s) = s for all s except s = 1, and let g(1) = 0.  Let 
f(s) = 1, for all s.  Then W(g) = 1.5, W(f) = 1, W(g(s)) = s for 
all s except s = 1, and W(g(1)) = 0. So f > g(s) for all s,  while f 
< g .  

The feature that drives Example 2.2 is the fact that the "worth" W of 
an act is increased from its expected value by the extent to which the act 
produces uncountably many consequences. Savage proves that (given P1- 
P6) P7 holds for gambles (effectively Theorem 2.7.3 of Savage 1954). 
His example (2.1, above) shows that P7 need not hold for acts that as- 
sume countably many consequences. The following example shows that 
this remains the case even when the probability is countably additive (un- 
like example 2.1). 

Example 2.3: Let S be the half-open interval [0.0, 1.0), and F 
the rational numbers in S .  Let P be uniform probability on Lebesgue 
measurable subsets of S .  Let all measurable functions f from S to F 
satisfying 

a(  f )  = lim,, P{f(s) 2 1 - 2-'12' < a 
be acts (all subsets of F being measurable). Define 

Once again, W satisfies the conditions of Lemmas 1 and 2. I ff  is a 
gamble, a(f) = 0, hence W(f) is a utility. To see that P7 is violated, 

I/;+' for 1 - l /Zk+l > s 2let f(s) = '1: -1 
 and a n d  P 7  =
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4. On the Avoidance of "Dutch Book". De 
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of coherence precludes all but countably additive distributions. As before, 
failure of conglomerability entails a (uniform) failure of dominance. Co- 
herence, after all, requires avoidance of previsions that induce a failure 
of dominance with respect to the alternative: no bet. But conglomerability 
in denumerable partitions is equivalent to countable additivity. Thus, for 
previsions of random variables assuming more than finitely many out- 
comes, coherence entails countable additivity. The following (typical) 
construction illustrates the incoherence of merely finitely additive distri- 
butions. 

For simplicity, let P(.) be a finitely additive probability assuming in- 
finitely many different values. It follows from Theorem 3.1 of Schervish, 
Seidenfeld, and Kadane (1981) that there exist an event E ,  a positive 
number d, and a partition n = {h, . . .) such both that P(h,) > 0 and 
P(E) - > d for all i. That is, conglomerability fails in n~ ( ~ l h , )  with 
regard to the event E .  Let x, = ~ ( ~ l h , )  = supixi so that P(E) 2and k k 
+ d. Consider, next, a wager W that yields a $1 (one utile) prize in case 
E occurs and $0 otherwise. W is worth at least k + d. However, given 
h,, W is worth at most k. So, the prevision of W, P(W) 2 k + d, and 
~ ( ~ l h , )  = x, just < k for all i .  Define the random variable X so that X 
in case h, obtains. That is 

Then X is the (conditional expected) utility of any lottery whose prizes 
have (conditional expected) utility given h, equal to xi for all i. W is such 
a lottery. Define the lottery Y by saying that Y awards prize WIht if h, 
obtains for i = 1, 2, . . . . It is clear that Y = W; however, note that the 
prizes WIht awarded by Y are not consequences. Since 0 5 xi 5 k for all 
i ,  the prevision for any lottery whose prizes are worth xi under hi should 
be between 0 and k. Y is such a lottery, hence y' should be between 0 
and k. But, W = Y so -(W - y + )  should be considered fair. However, 
w+ r k + d, so -(W - y + )  is worth no more than -d, and hence is 
unfair. On the other hand, if y+ is chosen equal to w', then y+ is not the 
expected utility over the partition n. 

In summary, we see that de Finetti's criterion of coherence for previ- 
sion rules out merely finitely additive distributions unless lotteries are 
restricted to prizes which are consequences in the sense of Savage. In the 
construction of the previous paragraph, WI,, serves as a prize whose value, 
given h,,  equals xi; however WI,, is not a consequence, since its value is 
not independent of, e.g.,  the event E .  The dilemma is, of course, that 
consequences are hard to come by and, it would seem, beyond what is 
required by consideration of rational preference. Can we not argue, like 
Savage and de Finetti, that there always are risks? The lesson is clear. 
We will not have all three of the following: 
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(i) reduction of coherent belief to rational preference; 
(ii) coherence of finitely additive probability; 
(iii) admissiblean <</MeSaly 

9 6 8
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